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Λ-MODULES AND HOLOMORPHIC LIE ALGEBROID
CONNECTIONS
PIETRO TORTELLA
Abstract. Let X be a complex smooth projective variety, and
G a locally free sheaf on X . We show that there is a 1-to-1 cor-
respondence between pairs (Λ,Ξ), where Λ is a sheaf of almost
polynomial filtered algebras over X satisfying Simpson’s axioms
and Ξ : GrΛ → Sym•OXG is an isomorphism, and pairs (L,Σ),
where L is a holomorphic Lie algebroid structure on G and Σ is a
class in F 1H2(L,C), the first Hodge filtration piece of the second
cohomology of L.
As an application, we construct moduli spaces of semistable flat
L-connections for any holomorphic Lie algebroid L. Particular
examples of these are given by generalized holomorphic bundles
for any generalized complex structure associated to a holomorphic
Poisson manifold.
1. Introduction
In [18], C. Simpson constructed, by using GIT techniques, moduli
spaces for semistable Λ-modules over a smooth projective algebraic
variety X, where Λ is a sheaf of filtered CX -algebras satisfying some
axioms. With this result, by varying the algebra Λ, one gets moduli
spaces of a large class of objects, which includes semistable coherent
sheaves, flat connections and Higgs bundles.
The main results of this paper are classification of the sheaves of
algebras Λ satisfying Simpson’s axioms, and some applications.
In [20], Sridharan classifies filtered k-algebras A such that A(0) = k
and the associated graded algebra is the symmetric algebra over the
first graded piece Gr1A. He shows the following:
Theorem 1. Let k be a commutative unital ring, L a free k-module
and S = Sym•kL the full symmetric algebra of L.
Then there is a 1-to-1 correspondence between:
• isomorphism classes of pairs (A,Ξ), where A is a filtered k-
algebra with A(0) = k, Gr1A ∼= L and Ξ : GrA→ S an isomor-
phism of graded algebras;
• pairs (g,Σ), where g is a k-Lie algebra structure on L and σ ∈
H2CE(g, k), the second Chevalley-Eilenberg cohomology group.
We will generalize Sridharan’s construction to the case of sheaves of
filtered algebras over a smooth projective variety satisfying Simpson’s
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axioms: the first step is to drop the hypothesis A(0) = k, and the second
one is a generalization to sheaves. What we will obtain is the following:
Theorem 2. Let X be a compact Kähler manifold, G a locally free
coherent OX-module and S = Sym•OXG.
Then there is a 1-to-1 correspondence between
• isomorphism classes of pairs (Λ,Ξ) where Λ is a sheaf of filtered
algebras satisfying Simpson’s axioms and Ξ : GrΛ → S is an
isomorphism of graded algebras;
• pairs (L,Σ) where L is a holomorphic Lie algebroid structure
on G and Σ ∈ F 1H2(L,C).
The vector space F 1H2(L,C) is the first piece of the Hodge filtration
of the 2nd Lie algebroid cohomology group H2(L,C), and is computed
using the cohomological theory for holomorphic Lie algebroids devel-
oped in [15].
We then present some applications of this correspondence in the
study of moduli spaces of Λ-modules. One can observe that the data
of a triple (H, δ, γ) as in the second section of [18] is equivalent to the
data of a holomorphic Lie algebroid, and that our theorem completes
Theorem 2.11 of loc. cit. As a consequence, we obtain moduli spaces
of flat L-connections for any holomorphic Lie algebroid L, and with
the functoriality property we construct rational maps between these
spaces.
Moreover, we expect that through this correspondence one can apply
the theory of Lie algebroids in the study of moduli spaces of Λ-modules.
In a paper to come, we will apply the deformation theory of Lie alge-
broids to construct a generalization of Deligne-Simpson λ-connections
[19] and to compactify the moduli spaces of flat connections by allowing
the latter to degenerate along foliations.
The paper is organized as follows: Section 2 is standard, and it aims
to give a quick introduction to the objects we are using and fix the
notation. We first define (smooth) Lie algebroids and their cohomology.
Then we introduce the L-characteristic ring of a vector bundle. Finally
we give a definition of a matched (or twilled) pair of Lie algebroids. An
exhaustive discussion on these subjects can be found in [16], [8], [13].
In Section 3 we discuss holomorphic Lie algebroids. It contains
mainly known facts, but we add some small improvements that we
have not found in the literature. After standard definitions, we recall
from [15] the construction of the canonical complex Lie algebroid Lh
associated to a holomorphic Lie algebroid L and a generalization of
the holomorphic deRham Theorem, while from [3] we take a general-
ization of Dolbeault’s theory. We then prove a kind of partial degen-
eration of the spectral sequence computing the cohomology of a holo-
morphic Lie algebroid, that will allow us to describe the vector spaces
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F 1H2(L,C). Further, we adress the question of existence of holomor-
phic L-connections on coherent OX-modules: as in [17] and [4], we
introduce the jet bundle of a Lie algebroid and as in [5] the L-Atiyah
class of a coherent OX-module E ; this generates the Lh-characteristic
ring of E , and we show that, also when E is torsion free, the trace of
the curvature of a holomorphic L-connection is a representative of the
first Lh-Chern class of E .
Section 4 is devoted to the proof of Theorem 2: we first classify
the extensions of a holomorphic Lie algebroid L by OX on a compact
Kähler manifold, and then generalize Sridharan’s construction to our
context. Remark that in [2] the same kind of classification is provided
in the case when L is the canonical Lie algebroid TX .
In the last section, we show an application of this classification to
moduli spaces of Λ-modules: it is well known that if L is a Lie alge-
broid, then a L-representation is equivalent to a U(L)-module, where
U(L) is the universal enveloping algebra of L. We will see that mod-
ule structures for algebras Λ twisted by a cohomology class Σ can be
described as bunches of local L-connections on E satisfying some com-
patibility equations prescribed by Σ. These have a better interpreta-
tion as representations of torsors, as we will describe in a forthcoming
paper. In particular, we will see that by using Simpson’s techniques
one obtains a quasi-projective moduli scheme for flat L-connections
for any holomorphic Lie algebroid L, while the results of Section 3 al-
low us to conclude that the moduli spaces corresponding to a non-zero
Σ ∈ F 2H2(L;C) are empty. Examples of particular interest are then
examined, and we will see, following [15], that when L is the holomor-
phic Lie algebroid (ΩX)Π associated to a holomorphic Poisson manifold
(X,Π), Λ-modules coincide with generalized holomorphic bundles, so
that Simpson’s construction provides moduli spaces for these objects.
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for proposing the problem and their constant guidance through my
work. Moreover I would like to thank Vladimir Rubtsov, Carlos Simp-
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2. Lie algebroids
2.1. Real Lie algebroids. Let X be a smooth manifold and TX its
tangent bundle.
Definition 1. A (real) Lie algebroid on M is a triple (L, a, {·, ·}) such
that:
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• L is a vector bundle on M ;
• {·, ·} is a R-Lie algebra structure on Γ(L), the space of smooth
global sections of L;
• a : L → TM is a vector bundle morphism (the anchor) that
induces a Lie algebra morphism on global sections and satisfies
the following Leibniz rule:
{u, fv} = f{u, v}+ a(u)(f)v
for any u, v ∈ Γ(L) and f ∈ C∞(M).
A morphism between two Lie algebroids L and L′ over the same base
manifold M is a vector bundle morphism L→ L′ that commutes with
the anchors and such that the induced morphism on global sections is
a Lie algebra morphism.
For p > 1 we denote by ApL the sheaf of smooth sections of
∧p L∗
and by ApL the C
∞(X)-module of its global sections. Set A0L = A0X ,
the sheaf of smooth functions on X. Elements of AkL (AkL) are called
(global) k-L-forms.
One can define a L-differential dL : AkL → Ak+1L via the formula
(1)
(dLθ)(u1, . . . , up+1) =
∑
i(−1)i+1a(ui)(θ(u1, . . . , uˆi, . . . , up+1)) +
+
∑
i<j(−1)i+jθ({ui, uj}, u1, . . . , uˆi, uˆj, . . . up+1)
for θ ∈ ApL and u1, . . . , up+1 (local) sections of L.
One has d2L = 0, and we call the cohomology of the complex (
∧• L∗, dL)
the Lie algebroid cohomology of L, and denote it by H•(L, a, {·, ·},R)
(or simply H•(L,R)).
Remark that a∗ : T ∗X → L∗, the dual of the anchor a, induces a
morphism of complexes Γ(
∧p T ∗X)→ Γ(∧p L∗) yielding a morphism in
cohomology a∗ : HpDR(X,R)→ Hp(L,R).
2.2. Basic examples. The tangent bundle TX has a canonical Lie
algebroid structure with the identity as the anchor and the commutator
of vector fields as the bracket.
Any regular integrable foliation F ⊆ TX carries a natural Lie alge-
broid structure, for wich the anchor is the inclusion and the bracket is
the restriction to Γ(F ) of the commutator of vector fields.
Let (K, 0, {·, ·}) be a Lie algebroid with anchor equal to zero. Then
the bracket is actually C∞(X)-linear, so Γ(K) inherits a C∞(X)-Lie
algebra structure. Moreover, the bracket induces on each fiber of K
a R-Lie algebra structure that varies smoothly. So K is a so called
bundle of Lie algebras.
Vice versa, if K is a bundle of Lie algebras, the brackets on the
fibers glue to define a bracket on global sections, so we can define a Lie
algebroid structure on K using this bracket and the 0 map as anchor.
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Remark that we can see any vector bundle K as a Lie algebra bundle
with trivial Lie algebra structure, i.e. any vector bundle admits a trivial
Lie algebroid structure, having both anchor and bracket equal to 0.
Let (L, a, {·, ·}) be a Lie algebroid: the image of the anchor F =
Im (a) is an integrable foliation of X (not necessarily regular), that we
call foliation associated to the Lie algebroid.
The kernel of a gives a subsheaf of the sections of L, and is naturally
equipped with a structure of sheaves of A0X-Lie algebra.
Let X be a smooth manifold and Π ∈ Γ(∧2 TX) a Poisson bivector.
Then we can define a Lie algebroid structure on the cotangent bundle
T ∗X with
• anchor ♯ : T ∗X → TX given by the contraction with Π,
• bracket defined by the formula
{α, β} = d〈Π, α ∧ β〉 −L♯(β)α + L♯(α)β
for any α, β ∈ Γ(T ∗X), where LV is the Lie derivative along the
vector field V .
2.3. Lie algebroid connections and characteristic classes. As
before, let X be a manifold, (L, a, {·, ·}) be a Lie algebroid and E a
vector bundle over it.
Definition 2. By a L-connection on E we mean a map ∇ : Γ(E) →
Γ(E)⊗ A1L satisfying the Leibniz rule ∇(fe) = f∇e+ e⊗ dLf .
As with usual connections, one can extend an L-connection to higher
degree forms: let AkL(E) be the sheaf of sections of
∧k L∗ ⊗ E, and
AkL(E) its global sections. Then there is a unique way to extend ∇ to
an operator ∇ : AkL(E) → Ak+1L (E), such that ∇(η ⊗ s) = dLη ⊗ s +
(−1)kη ∧∇s for η ∈ AkL and s ∈ Γ(E).
Define the curvature of ∇ as
F∇ = ∇ ◦∇ : A0L(E)→ A2L(E).
It turns out that F∇ is C
∞(X)-linear, thus yielding a global section in
A2L(EndE); moreover the following formula holds:
F∇(u, v)(e) = [∇u,∇v](e)−∇{u,v}e , u, v ∈ Γ(L), e ∈ Γ(E) ,
where ∇w : E → E denotes the 1st order differential operator e →
〈∇e, w〉.
Remark that any (TX -)connection on E induces a L-connection: if
∇ : E → E ⊗ T ∗X is a connection, composing with 1E ⊗ a∗ : E ⊗ T ∗X →
E ⊗ L∗ we obtain a L-connection. So on any vector bundle E there
always exist L-connections.
We say that a L-connection on the vector bundle E is flat when its
curvature vanishes; when this happens, the map Γ(L)→ Der(E) given
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by w → ∇w is a morphism of R-Lie algebras. We will also use the
terms representation of L or L-module to mean a flat L-connection on
a vector bundle E.
If (E,∇) is a L-module, then (A•L(E),∇) forms a complex, and we
can define the cohomology groups of L with values in E, and denote
them by Hk(L;E,∇).
Let E be a rank r complex vector bundle on M . Recall that the
characteristic ring of E, that we denote by R(E), is the image of the
Chern-Weil homomorphism
λE : I
•(GL(r,C))→ H•DR(X ;C),
where I•(GL(r,C)) is the algebra of Ad(GL(r,C))-invariant multilinear
maps P : glr × . . .× glr → C, and λE is defined using the curvature of
any connection on E (see for example [9], Chapter 3.3).
If (L, a, {·, ·}) is a Lie algebroid, we have:
Definition 3. The L-characteristic ring of a complex vector bundle E
is the pull-back through the anchor of the characteristic ring of E:
R•L(E) = a∗(R•(E)) ⊆ H•(L,C) := H•(L;R)⊗ C .
It turns out that one can compute the L-characteristic ring of E via
the curvature of any L-connection on it, similarly to what happens in
the usual case: if F ∈ A2L(EndE) is the curvature of a L-connection
and P ∈ Ik(GLr), then one can show that the formula∑
σ∈S2k
(−1)σP (F (uσ(1), uσ(2)), . . . , F (uσ(2k−1), uσ(2k)))
for u1, . . . , u2k ∈ Γ(L) is well defined and gives a closed 2-L-form, and
that its cohomology class does not depend on the L-connection chosen.
This construction yields a homomorphism λLE : I
•(GLr)→ H•(L) that
makes the diagram
I•(GL(r,C)) //
((P
P
P
P
P
P
P
P
P
P
P
P
H•DR(X,C)

H•(L,C)
commutative.
2.4. Matched (twilled) pairs of Lie algebroids. Let (Li, ai, {·, ·}i)
for i = 1, 2 be two Lie algebroids over the same manifold X. We
say that they form a matched pair (or twilled pair) if we are given a
L1-module structure on L2 and a L2-module structure on L1 (that we
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denote both by ∇) satisfying the following equations:
(2)
[a1(u1), a2(u2)] = −a1(∇u2u1) + a2(∇u1u2) ,
∇u1({u2, v2}2) = {∇u1u2, v2}2 + {u2,∇u1v2}2 +∇∇v2u1u2 −∇∇u2u1v2 ,∇u2({u1, v1}1) = {∇u2u1, v1}1 + {u1,∇u2v1}1 +∇∇v1u2u1 −∇∇u1u2v1 .
This definition is motivated by the following (see [13]):
Proposition 3. (1) Let L be a Lie algebroid, and L1, L2 two sub-
Lie algebroids of L such that L = L1 ⊕ L2. Then (L1, L2) is
naturally a matched pair of Lie algebroids.
(2) Let (L1, L2) be a matched pair of Lie algebroids. Define on
L = L1 ⊕ L2 the following structures: an anchor
a : L→ TX , a(u1 + u2) = a1(u1) + a2(u2)
and a bracket
{u1 + u2, v1 + v2} = ({u1, v1}1 +∇v1(u2)−∇v2(u1))+
+({u2, v2}2 +∇u1(v2)−∇u2(v1))
for any ui, vi ∈ Γ(Li), i = 1, 2.
Then (L, a, {·, ·}) is a Lie algebroid, that we denote by L1 ⊲⊳
L2, and L1, L2 are naturally sub-Lie algebroids of L.
Consider the groups
Kp,q = Γ(
p∧
L∗1 ⊗
q∧
L∗2).
The Li-module structures on Liˆ (where iˆ = 2 for i = 1 and iˆ = 1 for
i = 2) induces an Li-module structure on
∧p L∗
iˆ
. This leads to two
differentials dL1 : K
p,q → Kp+1,q and dL2 : Kp,q → Kp,q+1 induced
by the module structure. The three equations 2 are equivalent to the
commutation rule dL1dL2 = (−1)pdL2dL1 , i.e. the triple (K•,•, dL1 , dL2)
is a double complex.
One has:
Proposition 4. The Lie algebroid cohomology of L = L1 ⊲⊳ L2 is the
cohomology of the total complex associated to (K•,•, dL1 , dL2).
3. Holomorphic Lie algebroids
3.1. Holomorphic Lie algebroids and associated smooth Lie al-
gebroids. Let now X be a complex manifold, and TX its holomorphic
tangent bundle, whose dual is ΩX , the bundle of holomorphic 1-forms.
Definition 4. A holomorphic Lie algebroid is a triple (L, a, {·, ·})
where
• L is a coherent locally free OX-module;
• {·, ·} is a CX-Lie algebra structure on L;
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• the anchor a : L → TX is a morphism of OX-modules which is
also a morphism of sheaves of CX-Lie algebras, satisfying the
usual Leibniz rule for Lie algebroids.
For a holomorphic Lie algebroid L, we denote by ΩkL the sheaf
∧k L∗,
and call its sections holomorphic k-L-forms. The holomorphic differen-
tial dL : Ω
k
L → Ωk+1L is defined by the formula (1) with the appropriate
modifications.
If (L, a, {·, ·}) is a holomorphic Lie algebroid, we can consider L as
a smooth bundle over X. Then the anchor a induces a map of smooth
bundles aR : L → TX , and similarly the bracket {·, ·} induces a bracket
on the smooth sections of L, that we denote by {·, ·}R. We call LR =
(L, aR, {·, ·}R) the real Lie algebroid associated to L. Furthermore, L
has a natural almost complex structure, i. e. an endomorphism JL
whose square is −1 and that makes the diagram
L
JL

aR
// TX
JX

L JL // TX
commutative, where JX is the almost complex structure of X. So we
have the splitting of the tensor product L⊗C = L1,0 ⊕L0,1 according
to the ±√1 eigenvalues of JL. Moreover, L1,0 and L0,1 are invariant for
the bracket {·, ·}C (defined extending {·, ·}R by C-bilinearity), so they
are real sub-Lie algebroids of L ⊗ C, i. e. they form a matched pair.
It was noticed in [15] that we can associate another smooth Lie
algebroid to a holomorphic Lie algebroid L, that we denote by Lh.
As we will see, the latter encodes the information on the holomorphic
cohomology of L.
Proposition 5. If L is a holomorphic Lie algebroid, then (T 0,1X ,L1,0)
is naturally a matched pair, and we will denote by Lh the twilled sum
L1,0 ⊲⊳ T 0,1X .
The representation of T 0,1X on L1,0 is given by the holomorphic struc-
ture of L, while the representation of L1,0 on T 0,1X is given by:
∇u(V ) = pr0,1([a(u), V ])
for u ∈ Γ(L1,0) and V ∈ Γ(T 0,1X ).
We will call Lh = L1,0 ⊲⊳ T 0,1X the canonical complex Lie algebroid
associated to the holomorphic Lie algebroid L.
3.2. Cohomology of holomorphic Lie algebroids. Let L be a holo-
morphic Lie algebroid. Define the holomorphic Lie algebroid cohomol-
ogy of L by
Hphol(L) = Hp(Ω•L, dL),
where H denotes the hypercohomology of a complex of sheaves.
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Let Lh = L1,0 ⊲⊳ T 0,1X be the canonical complex Lie algebroid associ-
ated to L. The associated double complex that computes its cohomol-
ogy is
Ap,qLh = A
p
L1,0 ⊗AqT 0,1
X
,
and we denote by Ap,qLh the vector spaces of global sections.
Because of the ∂¯-Poincaré lemma, for any p the complex (Kp,q, ∂¯)q≥0
is exact in positive degree, and the kernel of the first map Kp,0 → Kp,1
is ΩpL. So we have the following generalization of classical theorems (cf.
[15] and [3]):
Theorem 6. Let L be a holomorphic Lie algebroid. Then we have the
following isomorphisms:
(1) (holomorphic De Rham)
Hphol(L) ∼= Hp(Lh,C) ;
(2) (Dolbeault)
Hq(X,ΩpL)
∼= Hq(Ap,•Lh , ∂¯Lh).
Remark that the second of the previous isomorphisms can be readily
generalized to the case of coefficients in a holomorphic vector bundle:
if E is a holomorphic vector bundle, there is a natural way to define the
associated Dolbeault L-complex Ap,qLh(E) = A
p,q
Lh
⊗ E with an operator
∂¯E : Ap,qLh(E)→ A
p,q+1
Lh
(E)
defined by the holomorphic structure of E . Then there are isomor-
phisms
(3) Hq(X ; ΩpL ⊗ E) ∼= Hq(Ap,•Lh(E), ∂¯E).
As a notation, we will write Hp,q(Lh; E) for the cohomology groups
Hq(Ap,•Lh(E), ∂¯E).
Let U = {Uα} be a sufficiently fine open covering of X, such that we
have an isomorphism between sheaf and Cˇech cohomology over it.
Consider the double complex
Kp,q = Cˇq(U,ΩpL)
with differentials dL, δˇ; its associated total complex (T
•
L, δ) computes
the hypercohomology of Ω•L, so it computes H
k(L,C).
The filtration by columns of the total complex
F rT kL =
⊕
p+q=k, p≥r
Kp,q
induces a filtration in the Lie algebroid cohomology:
F pHk(L,C) = Im (Hk(F pT •L)→ Hk(L,C)).
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The associated spectral sequence has E1 and E2 terms given by
Ep,q1 = H
q(X,ΩpL) E
p,q
2 = H
p(Hq(X,Ω•L), dL).
In the classical case, when L = TX and X is a compact Kähler man-
ifold, the Hodge decomposition implies that Ep,q1 = E
p,q
∞ and that the
differential d1 is zero. Let us rewrite this fact as:
Lemma 7. Let X be a compact Kähler manifold, and φi0,...,iq a closed
Cˇech q-cochain of ΩpX .
Then the Cˇech q-cochain dφi0,...,iq is Cˇech-exact, i.e. dφ = δˇτ for
some τ ∈ Cˇq−1(U,Ωp+1X ).
Now, for a general holomorphic Lie algebroid L, there is no analogue
of Hodge decomposition, so we do not have degeneration of the spectral
sequence at the first step. Anyway, we can use this lemma to find a
mild degeneration of the spectral sequence: remark that on functions
dL coincides with the composition of the exterior differential d with the
dual of the anchor, i.e. dL(f) = a
∗(df) for any f ∈ OX . Then, since
the differential d1 coincides with dL, the previous lemma implies:
Lemma 8. If X is a compact Kähler manifold, then, restricted to
p = 0, the differential d1 of the spectral sequence d1 : E
0,q
1 → E1,q1 is
zero.
This can be rephrased as the degeneration at the first step of the
spectral sequence associated to the truncated complex
K˜p,q =
{
Kp,q p = 0, 1
0 p > 1
.
In particular, this gives the following corollary:
Corollary 9. Over a compact Kähler manifold X there are isomor-
phisms
F 1Hk(L,C) ∼= Hk(F 1T •L) .
for any k ≥ 0.
Since in the next sections we will be interested in F 1H2(L;C), we
need to represent its elements explicitly. The elements ofH2(F 1T •L) are
represented by closed elements of F 1T 2L = K
1,1 ⊕ K2,0, that is, pairs
(φαβ, Qα) satisfying the equations
(4)
(δˇφ)αβγ = 0,
dLφαβ = (δˇQ)αβ,
dLQα = 0;
while coboundaries of F 1T 2L are of the form ((δˇη)αβ, dLηα) for ηα ∈ K1,0.
Hence we have a natural projection
H2(F 1T •L)→ H1(X,Ω1L) , [(φ,Q)]→ [φ] ,
well defined by the fact that if (φ,Q) = δη then φ = δˇη.
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One has functoriality properties: any holomorphic Lie algebroid mor-
phism Ψ : L → L′ yields pull back morphisms Hp(L′,C) → Hp(L,C)
and F pHk(L′,C)→ F pHk(L,C).
In particular, we can apply this to the anchor map a of a holomorphic
Lie algebroid L: this yields morphisms HpDR(X,C) → Hp(L,C) and
F pHk(X,C)→ F pHk(L,C).
3.3. Holomorphic L-connections. Let now L be a holomorphic Lie
algebroid over a compact Kähler manifold X, and E a holomorphic
vector bundle on X. Similarly to the smooth case, we have:
Definition 5. A holomorphic L-connection on E is a map of sheaves
∇ : E → E ⊗ΩL satisfying the Leibniz rule ∇(fe) = f∇e+ e⊗ dLf for
any f ∈ OX and e ∈ E .
The curvature F∇ ∈ H0(X, E nd(E)⊗Ω2L) of a holomorphic L-connection
∇ is defined in the same way as in the smooth case.
Let L be a holomorphic Lie algebroid and consider the associated
Lie algebroid Lh = L1,0 ⊲⊳ T 0,1X . Let E be a smooth vector bundle and
∇ a Lh-connection on it. Since Lh = L1,0 ⊕ T 0,1X as a vector bundle, ∇
splits in two operators
∇′ : Γ(E)→ Γ(E)⊗ A1L1,0 , ∇′′ : Γ(E)→ Γ(E)⊗ A0,1X ,
satisfying the Leibniz rules
∇′(fs) = f∇′(s) + aL1,0(f)⊗ s , ∇′′(fs) = f∇′′s+ ∂¯f ⊗ s ,
for f ∈ C∞(X) and s ∈ Γ(E).
The following lemma is straightforward:
Lemma 10. Let L be a holomorphic Lie algebroid over X, E a smooth
vector bundle on X and ∇ a smooth Lh connection on E . Let F be the
curvature of ∇, and F = F 2,0 + F 1,1 + F 0,2 according to the splitting
of A2Lh(EndE).
Then
(1) F 0,2 = 0 if and only if ∇′′ defines a holomorphic structure on
E;
(2) F 1,1+F 0,2 = 0 if and only if ∇′ is induced by a holomorphic L-
connection, where E is equipped with the holomorphic structure
defined by ∇′′;
(3) F = 0 if and only if ∇ is induced by a flat holomorphic L-
connection.
We now study the problem of existence of holomorphic L-connections
over a holomorphic vector bundle E . For L = TX the problem is well
known, and we refer to [1] for further details: let J 1X(E) be the bundle of
holomorphic first order operators on E with scalar symbol. It admits
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naturally a Lie algebroid structure, whose anchor is the symbol and
whose bracket is the commutator of differential operators. It is usually
called the Atiyah Lie algebroid of E . There is a natural short exact
sequence
(5) 0→ E nd(E)→ J 1X(E)→ TX → 0 .
A holomorphic (TX-)connection on E is equivalent to a splitting of
this exact sequence, so there exists a holomorphic connection on E if
and only if the extension class
a(E) ∈ Ext1(TX , E nd(E)) = H1(X, E nd(E)⊗ ΩX)
is zero. It is a theorem of Atiyah that the class a(E) generates the
characteristic ring of E , so one has:
Theorem 11. Let E be a holomorphic vector bundle over a compact
Kähler manifold X.
Then R(E) = 0 is a necessary condition for the existence of a holo-
morphic connection on E .
Let us recall how one can prove this: fix a Hermitian metric on
E . Let ∇ be the Hermitian connection on E ; by definition it is the
unique connection compatible with both the metric and the holomor-
phic structure of E . Its curvature F is of type (1, 1). The cohomology
class [F ] ∈ H1,1(X, E nd(E)) does not depend on the choice of the met-
ric, and via the generalized Dolbeault isomorphism
H1,1(X, E nd(E)) ∼= H1(X, E nd(E)⊗ ΩX) ,
[F ] corresponds to the class a(E). The theorem then follows since, by
definition, R(E) is generated by F .
Let now L be a holomorphic Lie algebroid, Lh = L1,0 ⊲⊳ T 0,1X , and E
a holomorphic vector bundle.
Let
aL(E) = a∗(a(E)) ∈ Ext1(L, E nd(E)) ∼= H1(X, E nd(E)⊗ ΩL)
be the pullback via the anchor a of the Atiyah class of E . We have the
corresponding diagram:
0 // E nd(E) //

J 1L(E) //

L

// 0
0 // E nd(E) // J 1X(E) // TX // 0,
where J 1L(E) is the bundle of 1-L-jets of E that we are going to define
soon in a broader context. For the moment, it can be considered just
as the pull-back of J 1X(E) via the anchor.
A L-connection on E is equivalent to a splitting of the upper row, so
it exists if and only if aL(E) = 0. We have the following:
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Proposition 12. Let L be a holomorphic Lie algebroid and E a holo-
morphic vector bundle over a compact Kähler manifold X.
Then the class aL(E) generates the Lh-characteristic ring RLh(E).
Proof. By the L-Dolbeault Theorem with coefficients, we have a com-
mutative diagram
H1(X, E nd(E)⊗ ΩX) //
∼=

H1(X, E nd(E)⊗ ΩL)
∼=

H1,1(X, E nd(E)) // H1,1(Lh, E nd(E)) .
Consider the images of a(E), aL(E) living in the lower row.
In general there are not inclusions of Hk,k(Lh,C) in H2k(Lh,C), so
Atiyah’s argument does not apply straightforwardly. To obtain the
asserion, we need, for each invariant polynomial P , the existence of
a dLh-closed representative of the class P (aL(E)) ∈ Hk,k(Lh,C). But
P (aL(E)) is the pullback of P (a(E)), and, since X is a smooth projec-
tive variety, we can choose a d-closed representative of P (a(E)), whose
pullback is a dL-closed representative of P (aL(E)). 
It is well known that if a coherent OX-module E admits a TX-
connection then it is locally free. This is no more true in the Lie
algebroid case: if L is a holomorphic Lie algebroid and G the associated
holomorphic foliation, E a coherent OX-module and ∇ a holomorphic
L-connection on E , then we can only say that E|G is locally free for
any leaf G of G (see [8]). Now we want to study which of the previous
results generalize to the case when E is not locally free.
Let L be a holomorphic Lie algebroid. As in [5], we can introduce
the sheaf of first L-jet bundle as follows: set J 1L = ΩL ⊕ OX with the
product (α, f)(β, g) = (fβ + gα, fg). Then ΩL is a sheaf of ideals of
J 1L , and we have the exact sequence
0→ ΩL → J 1L → OX → 0 .
For E a coherent OX-module, over the sheaf J 1L(E) = ΩL ⊗ E ⊕ E
we can naturally define a left and right J 1L-module structure. These
induce a left and a right OX-module structures on E : the right OX-
module structure on J 1L(E) coincide with the OX-module structure
induced by the direct sum, but the left OX-module structure will in
general be different. We have the exact sequence
0→ ΩL ⊗ E → J 1L(E)→ E → 0
of both left and right OX and J 1L-modules. Remark that when L = TX
and E is locally free, this is equivalent to the sequence (5). We define
the L-Atiyah class of the coherent OX-module E as the class of this
extension as left OX-modules in Ext
1
OX
(E , E ⊗ ΩL). It is zero if and
only if there exists a holomorphic L-connection on E . We have:
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Proposition 13. Let X be a compact Kähler manifold, and L a holo-
morphic Lie algebroid over it.
Then the L-Atiyah class of any coherent sheaf E generates RL(E).
Proof. One can check that when L = TX this definition coincides with
the usual definition of Atiyah class of a coherent sheaf (see for example
[14], chapter 10); in particular, the proposition is well known in the
case L = TX . Then one can conclude following the same arguments as
in Proposition 12. 
We now want to prove the following:
Proposition 14. Let L be a holomorphic Lie algebroid over a compact
Kähler manifold X, and E a torsion free OX-module.
If ∇ is a holomorphic L-connection on E , then [Trace(F∇)] = 0.
If E is locally free, this is straightforward, since the class of the trace
of the curvature of∇ is the first L-Chern class of E . With the following,
we prove that this is true also if E is torsion free:
Lemma 15. Let E be a torsion free OX-module and ∇ a holomorphic
L-connection on it.
Then [Trace(F∇)] = c1,L(E).
Proof. Let U ⊆ X be the open subset where E is locally free. Then since
E is torsion free, its complement has codimension at least 2. Consider
det(E), the determinant line bundle of E : on the open U where it is
locally free we have
det(E)|U ∼=
r∧
E|U ,
where r is the rank of E . Since c1,Lh(E) is the pull back of c1(E) and
c1(E) = c1(det(E)), we have c1,Lh(E) = c1,Lh(det(E)).
Over U , ∇ induces a holomorphic L-connection ∇˜ on det E , defined
as the rth exterior power of ∇. Now, since the complement of U has
codimension at least 2, we can extend ∇˜ to the whole X by Hartogs
lemma: for any s ∈ det(E)|U , σ ∈ (det(E)|U)∗ and u ∈ L, the function
fs,σ,u = 〈σ, ∇˜u(s)〉
is holomorphic on U , so it extends uniquely to X. So we can define
∇˜u(s) = fs,u ∈ det(E), since σ 7→ fs,σ,u is a OX-linear map.
Let F˜ be the curvature of ∇˜. We claim that F˜ = Trace(F∇): this is
clearly true over U , so by the previous extension argument this holds
on the whole X.
So we finally have
c1,Lh(E) = c1,Lh(det(E)) = [F˜ ] = [Trace(F∇)] ,
as desired. 
Λ-MODULES AND HOLOMORPHIC LIE ALGEBROID CONNECTIONS 15
3.4. Example: logarithmic connections. Let X be a smooth pro-
jective variety and D an effective normal crossing divisor on it. Con-
sider the sheaf ΩX(logD) of meromorphic 1-forms with logarithmic
poles along D. This is the locally free OX-module locally generated by
dx1
x1
, . . . , dxt
xt
, dxt+1, . . . , dxn, where x1, . . . , xn are local coordinates on
X such that D has equation x1 · · ·xt = 0 in this coordinates. Remark
that we have a natural inclusion ΩX →֒ ΩX(logD), and the quotient
is isomorphic to the structure sheaf of D˜, the normalization of D. The
exterior differential extends naturally to d : ΩpX(logD)→ Ωp+1X (logD),
where ΩpX(logD) =
∧pΩX(logD).
Consider TX(logD), the dual of ΩX(logD). Dualizing the sequence
0→ ΩX → ΩX(logD)→ OD˜ → 0
we obtain an inclusion TX(logD) →֒ TX . This subsheaf is locally free
and closed under the commutator of vector fields, so it inherits a holo-
morphic Lie algebroid structure.
The holomorphic Lie algebroid cohomology Hphol(TX(logD)) is equal,
just by definition, to the hypercohomology of the logarithmic deRham
complex Hp(X,Ω•X(logD)), that is well known to be isomorphic to the
deRham cohomology HpDR(U,C) of the open U = X \D.
Starting from important works of Deligne, holomorphic integrable
connections with logarithmic poles along a divisor D have been exten-
sively studied, see for example [6], [7]. From our point of view, an
integrable connection with logarithmic poles along D on a coherent
sheaf E is just a flat TX(logD)-connection on E .
In the Appendix B of [7], it is shown how one can compute the Chern
classes of a holomorphic vector bundle in terms of a connection with
logarithmic poles along D. In particular, it is shown:
Theorem 16. Let X be a smooth projective variety and D an effec-
tive normal crossing divisor on X, E a coherent OX-module and ∇ a
TX(logD)-connection on E . Let D =
∑
aiDi with Di irreducible, and
[Di] the class of Di in H
2(X,C).
Then the p-th Chern class of E is a C-linear combination of [Di1 ]k1 · · · [Dit ]kt
with
∑
kα = p.
Now we can easily see that this theorem implies Theorem 14 when
L = TX(logD): since
Hp((TX(logD))h,C) ∼= Hphol(TX(logD)) ∼= HpDR(U,C) ,
the pullbacks of [Di] to the Lie algebroid cohomology vanish. So if E
admits a holomorphic connection with logarithmic poles along D, its
TX(logD)-Chern classes vanish.
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4. Sheaves of filtered algebras
4.1. Lie algebroids associated to an almost polynomial filtered
algebra. In this section we want to classify the sheaves of rings Λ
satisfying the axioms of Simpson’s paper [18].
Let X be a smooth algebraic variety over C or a complex manifold.
By a sheaf of filtered algebras on X we shall mean what Simpson calls
"almost polynomial sheaf of rings of differential operators", that is
a sheaf of rings Λ over X with a filtration of subsheaves of abelian
subgroups Λ(i) ⊆ Λ(i+1) ⊆ . . . ⊆ Λ for i ∈ Z≥0, satisfying the following
axioms:
(1) CX , the constant sheaf over X is in the center of Λ;
(2) Λ0 = OX , Λ(i)Λ(j) ⊆ Λ(i+j) and Λ =
⋃
Λ(i); this implies that OX
is a sheaf of subrings of Λ, and each Λ(i) carries an OX-bimodule
structure;
(3) the left and right OX-module structures on GriΛ = Λ(i)/Λ(i−1)
coincide;
(4) the graded OX-modules GriΛ are coherent;
(5) the graded algebra Gr∗Λ is isomorphic to the symmetric algebra
over the first graded piece Gr1Λ.
By a splitting of Λ we mean a left OX-module morphism ζ : Gr1Λ→
Λ(1) that splits the exact sequence
(6) 0→ OX → Λ(1) → Gr1Λ→ 0.
Since the graded object of Λ is commutative, the top degree part
of the commutator of two elements vanishes. So [Λ(i),Λ(j)] ⊆ Λ(i+j−1),
and this allows us to define the following holomorphic Lie algebroid
structures on Λ(1) and Gr1Λ:
• for each x ∈ Λ(1), the map aΛ(x) : f → [x, f ] = xf − fx is a
derivation of OX , yielding a map Λ(1) → TX ;
• since aΛ(x + g) = aΛ(x) for any g ∈ OX , aΛ factors through
the quotient Λ(1) → Gr1Λ, and we have another anchor aG :
Gr1Λ→ TX ;
• Λ(1), is closed under the commutator [·, ·], and together with
the anchor aΛ it defines a Lie algebroid structure on Λ(1);
• for each u, v ∈ Gr1Λ, define
[u, v]G = [x, y]mod OX
where x, y ∈ Λ(1) are representatives of u and v respectively; one
can check that this definition does not depend on the choice of x
and y in their classes, and that the thus defined bracket satisfies
the Jacobi identity and the Leibniz rule w. r. t. the anchor aG.
We call (Gr1Λ, aG, [·, ·]G) the Lie algebroid associated to Λ.
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It follows from the definition that the projection Λ(1) → Gr1Λ is a
Lie algebroid map, so we can look at (6) as an exact sequence of Lie
algebroids, where OX is given the trivial Lie algebroid structure; hence
Λ(1) is an abelian Lie algebroid extension of Gr1Λ by OX .
Similarly to Sridharan’s paper [20], in order to classify the Λ’s we
proceed as follows: we first classify abelian Lie algebroid extensions of a
holomorphic Lie algebroid L by OX , and then see that such extensions
are in a one to one correspondence with the isomorphism classes of pairs
(Λ,Ξ), where Λ is a sheaf of filtered algebras on X and Ξ : Gr•Λ →
Sym•OXL is an isomorphism of sheaves of graded algebras.
4.2. Lie algebroid extensions. Let X be a complex manifold, and
(7) 0→ OX → L′ → L → 0
an abelian extension of holomorphic Lie algebroids over it.
Assume that there exists a global splitting ζ : L → L′ of the se-
quence considered as a sequence of left OX-modules. This gives an
isomorphism of left OX-modules ζˆ : L′ → OX ⊕ L, so we can write
[f + u, g + v]L′ = [u, v]L +Q(u, v) + aL(u)(g)− aL(v)(f)
with Q(u, v) ∈ OX. Q is antisymmetric and OX-bilinear, so it is a
holomorphic 2-L-form; moreover, one can check that the Jacobi identity
for [·, ·]L′ is satisfied if and only if dLQ = 0.
It is then easy to see that by changing the splitting, we change Q by
an exact holomorphic 2-L-form. More precisely, we have the following:
Lemma 17. Let ζ1, ζ2 be two global left OX-module splittings of
0→ OX → L′ → L → 0 ,
and let ψ = ζ2 − ζ1 ∈ Hom(L,OX) = H0(X,ΩL). Let Q1, Q2 be the
closed holomorphic 2-L-forms associated to ζ1, ζ2 respectively.
Then Q2 −Q1 = dLψ.
Because of this, remembering the notation of Section 3.2, since
H0(X,Ω2L)closed
dL(H0(X,ΩL))
= E2,02
∼= F 2H2(L,C) ,
we have
Corollary 18. Let X be a complex manifold and L a holomorphic Lie
algebroid over it. Then the isomorphism classes of holomorphic Lie
algebroid extensions
0→ OX → L′ → L → 0
which are split as sequences of left OX-modules are in a one to one
correspondence with the elements of F 2H2(L,C).
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Now we examine what happens if the extension (7) does not split
as a sequence of OX-modules: let Φ ∈ Ext1(L,OX) ∼= H1(X,ΩL) be
the associated cohomology class. For a sufficiently nice open covering
U = {Uα} of X we can represent Φ by a closed 1-Cˇech-cocycle φαβ, and
choose local splittings
ζα : L|Uα → L′|Uα
satisfying ζβ − ζα = φαβ. Then we can do the previous construction on
each Uα and obtain a closed holomorphic 2-L-form Qα ∈ H0(Uα,Ω2L).
Because of Lemma 17, these satisfy Qβ − Qα = dLφαβ on the double
overlaps Uαβ . So the pair (Qα, φαβ) is a closed element of F
1T 2L.
Now let φ′αβ be another representative of Φ; then φ
′
αβ−φαβ = (δˇη)αβ
for some η ∈ Cˇ1(U,Ω1L). Let ζ ′α be local splittings over Uα satisfying
ζ ′β − ζ ′α = φ′αβ = φαβ + (δˇη)αβ, and Q′α ∈ H0(Uα,Ω2L) the closed 2-L-
forms associated to the splittings ζ ′α. Then δˇ(Q
′ − Q)αβ = dL(δˇη)αβ ,
which means, since δˇ and dL commute, that the local 2-L-forms Q′α −
Qα − dLηα glue to a global 2-L-form G. So
(Q′α, φ
′
αβ)− (Qα, φαβ) = δ(ηα +G|Uα),
Hence the cohomology class of (Qα, φαβ) in H
2(F 1T •) is independent
of the choices we made.
Now, if X is a compact Kähler manifold, by Corollary 9 we can
identify H2(F 1T •) with F 1H2(L;C), and we obtain:
Theorem 19. Let L be a holomorphic Lie algebroid over a compact
Kähler manifold X.
Then the isomorphism classes of abelian extensions of L by OX are
in a one to one correspondence with the elements of the cohomology
group F 1H2(L,C).
In this interpretation, the map F 1H2(L,C) → H1(X,ΩL) asso-
ciates to an extension of Lie algebroids its class as an extension of
OX-modules, while Corollary 18 describes the fiber of this map over 0.
4.3. From extensions to algebras. In this section, we will modify
Sridharan’s construction of twisted enveloping algebras to the case of
Lie algebroids, and see that the datum of an abelian extension of a
holomorphic Lie algebroid L by OX is equivalent to a pair (Λ,Ξ) with
Λ a sheaf of filtered algebras over X and Ξ : GrΛ→ Sym•L an isomor-
phism of sheaves of graded algebras.
Let
0→ OX → L′ → L → 0
be an abelian extension of holomorphic Lie algebroids and σ = (Qα, φαβ)
a representative of the class Σ ∈ F 1H2(L,C) associated to this exten-
sion.
For each α define the following sheaf of algebras over Uα:
Uσ(L)α = T •CUα (OUα ⊕ L|Uα)/IQα
Λ-MODULES AND HOLOMORPHIC LIE ALGEBROID CONNECTIONS 19
where T •CUα denotes the full CUα-tensor algebra, and IQα is the ideal
sheaf generated by the elements of the form
f ⊗ (g + u)− fg + fu for f, g ∈ OUα, u ∈ L|Uα
(f+u)⊗(g+v)−(g+v)⊗(f+u)−[f+u, g+v]′−Qα(u, v)1 for u, v ∈ L|Uα ,
where [·, ·]′ denotes the bracket on OX ⊕L corresponding to the trivial
extension, that is
[f + u, g + v] = a(u)(g)− a(v)(f) + [u, v] for f, g ∈ OX , u, v ∈ L .
Now, on double overlaps Uαβ define maps
T •CUαβ
(OX ⊕ L|Uαβ)→ T •CUαβ (OX ⊕L|Uαβ)
by
f + u→ f + φαβ(u) + u f ∈ OUαβ , u ∈ L|Uαβ .
One can check that this map descends to an isomorphism of sheaves of
algebras
gαβ : (Uσ(L)α)|Uαβ → (Uσ(L)β)|Uαβ .
Since φαβ is δˇ-closed, we have gαβgβγgγα = 1 on the triple intersections,
so we can glue the local sheaves Uσ(L)α via the isomorphisms gαβ, and
obtain a sheaf of algebras Uσ(L) on X.
Since the tensor algebra is naturally graded, Uσ(L) inherits a filtra-
tion. Moreover, since the ideals IQα are generated by elements of the
form "commutator" + "lower degree terms", we have that GrUσ(L) ∼=
Sym•L. Using the injections L|Uα → T •OUαL|Uα, one can construct one
such isomorphism explicitly, that we shall denote Ξσ.
Finally, if σ′ is another representative of Σ and σ′ − σ = δ(η), it
is possible to construct from η an isomorphism of Uσ′(L) → Uσ(L)
commuting with the isomorphisms Ξσ′ and Ξσ.
Summing up, we have
Theorem 20. Let X be a compact Kähler manifold and L a holomor-
phic Lie algebroid on it.
Then there is a 1-to-1 correspondence between
• abelian extensions of L by OX ;
• elements of the vector space F 1H2(L,C);
• isomorphism classes of pairs (Λ,Ξ), where Λ is a sheaf of filtered
algebras on X whose associated Lie algebroid is L, and Ξ :
GrΛ→ Sym•L an isomorphism of sheaves of graded algebras.
In particular, if L is a holomorphic Lie algebroid and Σ ∈ F 1H2(L,C),
we denote the associated sheaf of filtered algebras by ΛL,Σ.
This construction is functorial: if L,L′ are two holomorphic Lie al-
gebroids and Ψ : L → L′ is a Lie algebroid morphism, we have an in-
duced pull back morphism between the cohomologies Ψ∗ : Hp(L′,C)→
Hp(L,C) preserving the filtration.
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Then it is easy to show the following:
Lemma 21. Let Ψ : L → L′ be a morphism of holomorphic Lie alge-
broids and Σ ∈ F 1H2(L′,C). Then Ψ extends to a morphism of sheaves
of filtered algebras
Ψ : ΛL,Ψ∗Σ −→ ΛL′,Σ.
4.4. Examples: algebras associated to the canonical Lie alge-
broid. Let L = TX be the holomorphic tangent bundle with the canon-
ical Lie algebroid structure. Remark that in this case we have Hodge
decomposition, so F 1H2(TX ,C) = F 1H2DR(X,C) = H2,0(X)⊕H1,1(X).
If Σ = 0, then ΛTX ,0 is the sheaf of algebras of holomorphic differen-
tial operators DX .
For Σ = [(0, Q)] we can describe ΛTX ,[(0,Q)] in terms of local coor-
dinates as follows. Let x1, . . . , xn be local holomorphic coordinates
of X and ∂xi the corresponding frame of TX . Let Qij be such that
Q =
∑
i,j Qijdx
i ∧ dxj. Then the commutator of elements in ΛTX ,[(0,Q)]
is determined by:
[xi, xj] = 0 ,
[xi, ∂xj ] = δ
i
j ,[
∂xi , ∂xj
]
= Qij .
This is the operator algebra corresponding to a magnetic monopole of
charge Q.
Another case that has an explicit description is when [φ] ∈ H1,1(X)∩
H2(X,Z). Let L be a holomorphic line bundle on X given by tran-
sition functions gαβ : Uαβ → C∗; this defines a class in H1,1(X) ∩
H2(X,Z) represented, through Dolbeault isomorphism, by a cocycle
φαβ = g
−1
αβdgαβ ∈ H1(X,ΩX). For Q = 0, the class [(φ, 0)] defines the
Atiyah Lie algebroid of L:
0→ OX → J 1X(L)→ TX → 0 ,
so we have ΛTX ,[(φ,0)]
∼= D(L), the algebra of differential operators on
the Line bundle L. One can then think of ΛTX ,[(φαβ ,Q)] as the operator
algebra of a twisted magnetic monopole with charge Q and twisting
line bundle L.
4.5. Other examples. Let now L = K be a holomorphic bundle of Lie
algebras. Then K(U) is actually an OX(U)-Lie algebra for each open
U ⊆ X, and Hp(H0(U,Ω•K), dK) coincides with the Chevalley-Eilenberg
cohomology HpCE(K(U),OX(U)).
For Σ = 0, the associated sheaf of filtered algebras ΛK,0 is the sheaf
of universal enveloping algebras of K: indeed, we have that ΛK,0(U)
is the universal enveloping algebra of the OX(U)-Lie algebra K(U) for
each open U ⊆ X.
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More generally, if Σ = [(Qα, φαβ)], then ΛK,Σ(Uα) is the Sridharan’s
universal enveloping algebra of the OX(Uα)-Lie algebra K(Uα) associ-
ated to the class Qα ∈ H0(Uα,Ω2K) = H2CE(K(Uα),OX(Uα)). For any
open V ⊆ Uα, we obtain ΛK,Σ(V ) in the same way using the restrictions
Qα|V , so we have an explicit description of the sheaves (ΛK,Σ)|Uα. One
can then check that φαβ give rise to isomorphisms on the overlaps.
For any regular integrable holomorphic foliation F ⊆ TX , we have
a holomorphic Lie algebroid structure induced by the canonical one on
TX .
If Σ = 0, then ΛF ,0 is isomorphic to the algebra DF of differential
operators along the foliation. For more general Σ we obtain operator
algebras of (twisted) monopoles propagating along the foliation.
5. Λ-modules
5.1. Moduli spaces. Up to now, we have worked mainly in a complex
analytic setting, while from now on we will stay in the algebraic cat-
egory. By the GAGA principle, we can identify the algebraic objects
with the associated holomorphic ones, and we will mix the terminology,
so that a holomorphic Lie algebroid over a smooth projective variety
will be the same thing as an algebraic one. Actually, all the previous
results can be formulated and proved in an algebraic setting, since the
only transcendental result that we used is the Hodge decomposition,
which is also true for smooth complex projective varieties.
Let Λ be a sheaf of filtered algebras over a complex smooth projective
variety X, and E a coherent sheaf on X.
Definition 6. A Λ-module structure on E is an OX-morphism µ :
Λ ⊗ E → E satisfying the usual module axioms and such that the OX-
module structure on E induced by OX → Λ coincides with the original
one.
We say (cf. [18]) that a Λ-module (E , µ) is (semi)stable if E is torsion
free and for any subsheaf F ⊆ E invariant under µ (i.e. such that
µ(Λ⊗F) ⊆ F), one has p(F) < p(E) (resp. p(F) ≤ p(E)), where p(E) is
the reduced Hilbert polynomial of E , defined as the ratio P (E)/rnk(E),
where P (E)(n) = χ(E ⊗ OX(n)) is the Hilbert polynomial of E , and
rnk(E) its rank.
The main result of [18] is the following:
Theorem 22. Let X be a smooth projective variety, Λ a sheaf of filtered
algebras on X and P a numerical polynomial.
Then there exists a quasi projective scheme MΛ(P ) that is a coarse
moduli space for semistable Λ-modules with Hilbert polynomial P .
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Let L be a holomorphic Lie algebroid, Σ ∈ F 2H2(L,C) and Λ =
ΛL,Σ. So there exist left OX-module splittings of the sequence
0→ OX → Λ(1) → L→ 0 .
Choose a splitting ζ , which provides a representative Q ∈ H0(X,Ω2L)closed
of Σ.
To a Λ-module structure µ on E , we canonically associate a sheaf
map ∇ : E → E ⊗ L∗, defined by
〈∇(e), v〉 = µ(ζ(v)⊗ e)
for all v ∈ L. This map satisfies the dL-Leibniz rule ∇(fe) = f∇(e) +
e⊗dL(f) for any f ∈ OX and e ∈ E , so it is a holomorphic L-connection
on E .
Vice versa, if we have a holomorphic L-connection ∇ on E , we can
define a morphism µ1 : Λ(1) ⊗ E → E by
µ1((f + ζ(u))⊗ e) = fe+ 〈∇(e), v〉.
This morphism can be extended to a Λ-module structure if and only if
µ1(a⊗ µ1(b⊗ e))− µ1(b⊗ µ1(a⊗ e)) = µ1([a, b]⊗ e)
for any a, b ∈ Λ(1), e ∈ E . This condition is satisfied if and only if
〈∇(e), [u, v]〉+Q(u, v)e− 〈∇(〈∇(e), u〉), v〉+ 〈∇(〈∇(e), v〉), u〉 = 0
for any u, v ∈ L and e ∈ E , that is if and only if the curvature of ∇
satisfies
F∇ = Q1E .
So we have:
Proposition 23. Let L be a holomorphic Lie algebroid, Q ∈ H0(X,Ω2L)
a closed 2-L-form, and E a coherent sheaf on X.
Then giving a ΛL,[(0,Q)]-module structure µ on E is equivalent to giving
a holomorphic L-connection ∇ : E → E ⊗ L∗ such that F∇ = Q1E .
By virtue of this proposition and Theorem 22, there exists quasi-
projective moduli schemes ML,Q(P ) that are coarse moduli spaces for
semistable pairs (E ,∇), where E is a torsion free OX-module with
Hilbert polynomial P , ∇ is a holomorphic L-connection on E satisfying
F∇ = Q ·1E , and "semistable" means that for any subsheaf F ⊆ E with
∇(F) ⊆ F ⊗ ΩL one has p(F) ≤ p(E).
Now, if Q,Q′ are two cohomologous closed 2-L-forms, the algebras
ΛL,[(0,Q)],ΛL,[(0,Q′)] are the same, so the moduli spacesML,Q(P ),ML,Q′(P )
are naturally isomorphic. Moreover, if Q is not cohomologous to 0, the
moduli spaces ML,Q(P ) are empty for any polynomial P : on one side,
by Theorem 14, if E is a torsion free OX-module and ∇ is a holomor-
phic L-connection on it, then the cohomology class of the trace of F∇
is zero, while on the other side Trace(Q · 1E) = rnk(E) ·Q.
Summing up, we have:
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Corollary 24. Let L be a holomorphic Lie algebroid over a smooth
projective variety X, Q ∈ H0(X,Ω2L)closed and P a numerical polyno-
mial.
Then for Q not cohomologous to 0 the moduli spaces ML,Q(P ) are
empty, while for Q cohomologous to 0 the moduli spaces ML,Q(P ) pa-
rametrize semistable flat holomorphic L-connections with Hilbert poly-
nomial P .
For a general Σ ∈ F 1H2(L,C), we do not have a global splitting of
the 1st-order sequence. But, if (Qα, φαβ) is a representative of Σ, we
can choose local splittings ζα over Uα such that ζβ − ζα = φαβ on the
overlaps, and repeat the previous argument to find that a ΛL,[(Qα,φαβ)]-
module structure on a coherent sheaf E is equivalent to a bunch of
holomorphic L-connections ∇α on E|Uα such that
• F∇α = Qα1E|Uα,
• ∇β −∇α = 1E ⊗ φαβ over the double intersections Uαβ .
5.2. Examples. If the Lie algebroid is the canonical one (TX , 1, [·, ·]),
then TX -connections on a sheaf E are just usual connections. SoMTX (P )
is the moduli space of semistable flat connections with Hilbert polyno-
mial P , usually denoted by MDR(P ).
If (K, 0, {, }) is a holomorphic bundle of Lie algebras, then a K-
connection ∇ on a sheaf E is an OX-linear map ∇ : E → E ⊗ K∗.
Indeed, since the anchor is zero, so is the restriction of dK to functions.
So ∇ may be seen as a section of End(E)⊗L∗. Remark that, since the
anchor is 0, the bracket is OX-bilinear, hence we can see it as a section
Θ ∈ H0(∧2 L∗ ⊗L).
The curvature of a K-connection in this case is given by F∇ = ∇ ∧
∇+ 〈Θ,∇〉 ∈ H0(End(E)⊗∧2K∗).
A particular case of this is when K = TX equipped with the trivial
Lie algebroid bundle structure. In this case a flat (TX , 0, 0)-connection
on E is an OX-linear map φ : E → E ⊗ ΩX satisfying φ ∧ φ = 0, i.e. it
is a Higgs field on E .
Another interesting case is when K = ΩX with the trivial structure:
similarly to the above, a flat (ΩX , 0, 0)-connection on E is a OX-linear
map φ : E → E ⊗ TX satisfying φ ∧ φ = 0, that is, a co-Higgs field,
recently introduced by Hitchin in [11]. This is a particular case of the
construction described in the next section.
5.3. Holomorphic Poisson structures and generalized complex
geometry. LetX be a smooth projective variety andΠ ∈ H0(X,∧2 TX)
a Poisson bivector. As is Section 2.2, it defines a holomorphic Lie al-
gebroid structure on ΩX that we shall denote by (ΩX)Π.
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According to [10] and [15], this Lie algebroid defines a generalized
complex structure on X. It can be described as follows. Recall that
a generalized complex structure on a smooth manifold M is defined
by the (+i)-eigenbundle L of an endomorphism J of (TM ⊕ T ∗M) ⊗ C
satisfying J2 = −1 and J∗ = −J. Since L is an isotropic subbundle of
the Courant algebroid TM ⊕ T ∗M , the resriction of the Courant bracket
of TM ⊕ T ∗M to L defines a real Lie algebroid structure on it.
When X is a holomorphic Poisson manifold with holomorphic Pois-
son bivector Π, we can define the following endomorphism of TX ⊕T ∗X :
J4Π =
( −J 4♯I
0 J∗
)
where J is the almost complex structure on X and ♯I is the morphism
T ∗X → TX associated to the bivector ΠI , where Π = ΠR + iΠI for
ΠR,ΠI ∈ Γ(
∧2 TX). It is easy to see that J4Π defines a generalized
complex structure on X, that we shall call L4Π.
Remark that the elements of L4Π are of the form (V + i4♯Iξ, ξ) with
V ∈ T 0,1X and ξ ∈ T ∗1,0X , which gives an isomorphism L4Π ∼= T 0,1X ⊕T ∗1,0X .
Moreover we have L∗4Π
∼= T ∗0,1X ⊕T 1,0X , and the Lie algebroid differential
on functions is dL4Πf = ∂¯f + ♯I(∂f).
The following theorem is proved in [15]:
Theorem 25. The Lie algebroid L4Π is isomorphic to (ΩX)Π ⊲⊳ T
0,1
X .
If E is a vector bundle on M , we shall call a L-generalized holomor-
phic structure on E a representation of L on E.
By Lemma 10, a L4Π-generalized complex structure on a vector bun-
dle E is equivalent to a holomorphic structure E on E and a flat holo-
morphic (ΩX)Π-connection on E . In particular, by the previous con-
struction, we obtain moduli spaces for such objects, that is:
Corollary 26. Let X be a smooth complex projective variety, and
Π ∈ H0(X,∧2 TX) an algebraic Poisson bivector on X inducing a gen-
eralized complex structure L4Π on X.
Then for any numerical polynomial P , there exists a quasi-projective
scheme MΠ(P ) parametrizing semistable L4Π-generalized holomorphic
vector bundles with Hilbert polynomial P .
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